We obtain an improved Kakeya maximal function estimate in R 4 using a new geometric argument called the planebrush. A planebrush is a higher dimensional analogue of Wolff's hairbrush, which gives effective control on the size of Besicovitch sets when the lines through a typical point concentrate into a plane. When Besicovitch sets do not have this property, the existing trilinear estimates of Guth-Zahl can be used to bound the size of a Besicovitch set. In particular, we establish a maximal function estimate in R 4 at dimension 3.0858. As a consequence, every Besicovitch set in R 4 must have Hausdorff dimension at least 3.0858.
Introduction
A Besicovitch set is a compact subset of R n that contains a unit line segment pointing in every direction. The Kakeya conjecture asserts that every Besicovitch set in R n must have Hausdorff dimension n. When n = 2 the conjecture was resolved by Davies [3] , while in three and higher dimensions the conjecture remains open. Additional background on the Kakeya problem can be found in the surveys [8, 13] .
The Kakeya maximal function conjecture is a slightly stronger and more technical version of the Kakeya conjecture which concerns the volume of unions of long thin "tubes" pointing in different directions. Stated precisely, the conjecture is as follows Conjecture 1 (Kakeya maximal function conjecture). Let T be a set of δ-tubes in R n that point in δ-separated directions. Then for each ε > 0, there exists a constant C ε so that
For a given value of n and d, the bound (1) implies that every Besicovitch set in R n must have Hausdorff dimension at least d. In particular, Conjecture 1 implies the Kakeya conjecture.
In this paper, we will make some partial progress towards to Kakeya maximal function conjecture in R 4 . Specifically, we prove the following. Theorem 1. Let T be a set of δ-tubes in R 4 that point in δ-separated directions. Then for each ε > 0, there exists a constant C ε so that
where d ∼ 3.0858 is the middle root of the polynomial Q(x) = 88x 3 − 670x 2 + 1563x − 1029.
In particular, every Besicovitch set in R 4 has Hausdorff dimension at least d ∼ 3.0858.
The proof of Theorem 1 involves a new geometric ingredient, which we call the "planebrush" argument. Recall that Wolff's "hairbrush" argument from [12] hinges on the following geometric observation: If T is a δ-tube in R n , then R n can be written as a union of ∼ δ 1−n sets, each of which is the δ-neighborhood of a 2-plane containing the line coaxial with T ; we call call these sets thickened planes. Morally speaking, these thickened planes are disjoint, and if T is a tube intersecting T (say at angle comparable to 1), then T must be contained in one of these thickened planes. Cordoba's two-dimensional Kakeya argument from [2] can then be applied to the tubes contained in each thickened plane; the conclusion is that the tubes inside each thickened plane are essentially disjoint. Thus the set of tubes intersecting a fixed tube T are essentially disjoint. If few tubes intersect a typical tube T then the Besicovitch set must have large volume. On the other hand, if many tubes intersect a typical tube T , then the Besicovitch set must also have large volume, since the tubes intersecting T are all disjoint and contained in the Besicovitch set. When this argument is made precise, it shows that every Besicovitch set in R n must have Hausdorff dimension at least n+2 2 . The planebrush argument employs a similar idea, except instead of dividing R n into thickened planes, all of which contain a common tube, we will divide R n into thickened 3-planes, all of which contain a common thickened plane. The advantage of this approach is that a larger number of tubes are contained in the resulting collection of thickened 3-planes. A disadvantage of this approach is that the Kakeya problem in R 3 remains open, so we do not have a nice analogue of Cordoba's argument. Despite this shortcoming, the planebrush argument can still yield superior bounds compared to Wolff's argument in certain special cases.
Theorem 1 improves upon the earlier result of Guth-Zahl, Zahl, and Katz-Rogers [5, 14, 7] , which established (1) for d = 3 + 1/40 1 . Definition 3. Let T be a δ-tube. A shading of T is a set Y (T ) that is a union of δ-cubes, each of which intersect T . Let T be a set of δ-tubes; for each T ∈ T, let Y (T ) be a shading of T . We refer to the pair (T, Y ) as a set of tubes and their associated shading.
For each δ-cube Q, define T Y (Q) = {T ∈ T : Q ⊂ Y (T )}. We will sometimes write this as T(Q) if the shading Y is apparent from context. For each T ∈ T, define H Y (T ) =
Q⊂Y (T )
T Y (Q).
This set is called the hairbrush of T . If (T, Y ) is a set of tubes and their associated shading, define Q(Y ) to be the set of cubes that are contained in at least one shading Y (T ) for some T ∈ T.
Definition 4 (Refinements). Let (T, Y ) be a set of tubes and their associated shading and let t > 0.
We say that a pair (T , Y ) is a t refinement of (T, Y ) if T ⊂ T, Y (T ) ⊂ Y (T ) for each T ∈ T , and
For example, if (T, Y ) is a set of tubes and their associated shading, then there exists a ∼ | log δ| −1 refinement (T , Y ) and a number µ so that µ ≤ |T Y (Q)| ≤ 2µ for all Q ∈ Q(Y ). Since | log δ| −1 refinements will frequently occur in our proof, sometimes we will abuse notation and simply refer to them as refinements.
The two-ends condition
Definition 5 (Two-ends condition). Let (T, Y ) be a set of δ-tubes and their associated shading. We say that (T, Y ) is (ε, M )-two-ends if for all T ∈ T and all 0 < r < 1, we have
Note that (4) only imposes meaningful constraints if |{Q : Q ⊂ Y (T )}| has size roughly comparable to M ; indeed, if |{Q : Q ⊂ Y (T )}| ≤ δ ε M , then (4) automatically holds, but does not yield any useful information.
Remark 2. A virtue of Definition 5 is that it is preserved under refinements:
Of course this virtue is qualified by the caveats discussed in Remark 1.
The two-ends condition is valuable because collections of tubes satisfying the two-ends condition can be easier to manipulate. At the same time, Kakeya estimates about collections of tubes satisfying the two-ends condition can be upgraded to Kakeya estimates about general collections of tubes. This procedure is known as the two-ends reduction, and we will describe it below.
For each C > 0 and 0 ≤ d ≤ 4, define A(C, d) to be the following statement:
Assertion A(C, d). For each ε > 0, there exists a constant c ε > 0 so that the followings holds. Let δ > 0, let δ < λ < 1, let ε 1 > 0, and let C 0 > 0. Let (T, Y ) be a set of tubes pointing in δ-separated directions and their associated shading. Suppose that
The two-ends reduction says that Assertion A(C, d) implies a Kakeya maximal function estimate at dimension d. The following version of the two-ends reduction is Proposition 5 from [11] .
Proposition 1 (The two-ends reduction). Suppose that A(C, d) holds for some value of C > 0 and 0 ≤ d ≤ 4. Then for each ε > 0, there exists a constant c ε so that the following holds. Let δ > 0 and let δ < λ < 1. Let (T, Y ) be a set of tubes pointing in δ-separated directions and their associated shading. Suppose that
Remark 3. The two-ends reduction also works for collections of tubes that satisfy the Wolff axioms. This will be useful in Appendix C below.
Wolff 's Hairbrush estimate
In [12] , Wolff proved new Kakeya maximal function estimates using a geometric argument called the "hairbrush" argument. We will recall a consequence of Wolff's hairbrush argument. The formulation presented here is described in [10] . 
Then there is an absolute constant C, and for each ε > 0, there is a constant c ε > 0 so that
Remark 4. Observe that the power of λ in (7) is better than one would expect from a Kakeya maximal function estimate in R 4 at dimension 3 (indeed, the usual maximal function estimate would have the exponent λ 3 instead of λ 3/2 ). The improved λ dependence is possible because (T, Y ) satisfies the two-ends condition. This superior dependence on λ will be crucial for our arguments, because later in the proof we will prove an estimate that is similar to (7), except it will have better dependence on δ and worse dependence on λ. We will interpolate this estimate with (7).
Factorization theory
For each 0 ≤ α ≤ 4, define B(α) to be the following statement.
Assertion B(α). For each ε > 0, there exists a constant c ε > 0 so that the followings holds. Let δ > 0 and let δ < λ < 1. Let (T, Y ) be a set of tubes pointing in δ-separated directions and their associated shading. Suppose that
The following result is a consequence of Nikishin-Pisier-Stein factorization theory, which has been used previously in [1] and [4] to prove Kakeya estimates. The formulation below is Proposition 2.1 from [10] .
Proposition 2 (Factorization theory). Let 0 ≤ α ≤ 4 and suppose that Assertion B(α) holds. Then for each ε > 0, there exists a constant c ε > 0 so that the followings holds. Let δ > 0 and let δ < λ < 1. Let (T, Y ) be a set of tubes pointing in δ-separated directions and their associated shading. Suppose that
Trilinear Kakeys estimates
In [5] , Guth and the second author proved a trilinear Kakeya-type estimate for collections of δ-tubes satisfying the generalized Wolff axioms. A set of tubes is said to satisfy the Wolff axioms if not too many tubes from the set can concentrate into the thickened neighborhood of an affine subspace. A set of tubes is said to satisfy the generalized Wolff axioms if not too many tubes from the set can concentrate into the thickened neighborhood of an algebraic variety, or more generally a semialgebraic set. In [14] and [7] , the second author, and independently Rogers and the first author showed that collections of direction-separated tubes satisfy these requirements 2 . By combining the results of [5] with [7] or [14] , we obtain the following trilinear Kakeya-type bound.
Theorem 3 (Trilinear Kakeya in R 4 ). For each > 0, there exists a constant C so that the following holds. Let T be a set of δ-tubes in R 4 that point in δ-separated directions. Then
where in the above expression v i is the direction of the tube T i .
If the quantity |v 1 ∧ v 2 ∧ v 3 | in the above expression is large, then (76) gives a good bound for the size of the corresponding Besicovitch set. If |v 1 ∧ v 2 ∧ v 3 | is small, then for a typical cube Q ⊂ T , most of the tubes intersecting Q will either all point in roughly the same direction, or they will be contained in the thin neighborhood of a 2-plane. The bulk of this paper will be devoted to understanding the latter situation.
Plany Kakeya estimates
We recall the following plany Kakeya estimate from [5] .
Proposition 3. Let (T, Y ) be a set of essentially distinct δ tubes. Suppose that |T| ∼ Aδ −3 , and at most A tubes point in each δ-separated direction. Suppose that for each cube Q, there exists a set of ≤ B planes Π 1 (Q), . . . , Π B (Q) so that for all T ∈ T(Q), there is an index i so that ∠(v(T ), Π i ) δ. Then there is a refinement Y of Y so that we have the pointwise bound
Proposition 3 is Proposition 4.2 from [5] with ρ ∼ δD −1 B, E A, and |T θ | ∼ Aδ −3 . Proposition 3 is effective when A is small, and remains useful even when B is (somewhat) large. In the sections below, we will prove an estimate that is effective when A is large, but our estimate will be inefficient when B is large. 
Concentration and non-concentration in 2-planes
Definition 7 (Planyness). Let (T, Y ) be a set of δ-tubes and their associated shading. We say that (T, Y ) is plany if for each δ-cube Q, there is a plane Π(Q) so that for all T ∈ T Y (Q) we have
Definition 8. Let (T, Y ) be a set of plany δ-tubes and their associated shading. Let δ ≤ p ≤ 1 and let ε > 0, M > 0. We say that (T, Y ) is (ε, M )-robustly contained in the p neighborhood of 2-planes if for each tube T ∈ T, there exists a plane Π(T ) containing the line coaxial with T so that
• For every 2-plane Π containing the line coaxial with T and for every s > 0, we have
Lemma 1. Let (T, Y ) be a set of plany δ-tubes and their associated shading. Let ε > 0. Then there is a number δ ≤ p ≤ 1 and a ∼ δ ε refinement (T , Y ) of (T, Y ) that is (ε, M )-robustly contained in the p neighborhood of 2-planes, with 
Let Π(T ) be a plane coaxial with T that satisfies
Observe that T ∈T |Y 1 (T )| δ ε T ∈T |Y (T )|. After dyadic pigeonholing, we can select a number p so that
Finally, we can select a refinement (T , Y ) of (T, Y 1 ) and a number λ so that |Y (T )| ∼ λ|T | for each T ∈ T . We thus have that (T , Y ) is a ≈ δ ε -refinement of (T, Y ); for each T ∈ T there is a 2-plane Π(T ) so that ∠(Π(Q), Π(T )) ≤ p for each Q ⊂ Y (T ); and for each plane Π, we have the estimate
If a set of tubes is robustly contained in two-planes, then this set of tubes breaks into noninteracting pieces.
where
• For each index i, the tubes in T i are contained in the p neighborhood of a 2-plane.
• If T, T ∈ T with Y (T ) ∩ Y (T ) = ∅, then T and T are contained in the same set T i .
Proof. By the triangle inequality, if T, T ∈ T with
where Q is any cube contained in Y (T ) ∩ Y (T ). Let G be the set of all affine 2-planes in R 4 that intersect the unit ball. Define
Consider the set of all balls of radius p contained in G. Select a set of balls B 1 , . . . , B K of radius 2p so that the 2-fold dilates of these balls are disjoint, and
Combining the above two results, we obtain the following. 
where
• For each index i the tubes in T i are (ε, M )-robustly contained in the p neighborhood 2-planes,
Concentration and non-concentration in 3-planes
Definition 9. Let (T, Y ) be a set of essentially distinct plany δ-tubes and their associated shading. Let δ ≤ σ ≤ 1 and let ε > 0, M > 0. We say that (T, Y ) is (ε, M )-robustly contained in the σ neighborhood of 3-planes if for each tube T ∈ T, there exists a 3-plane Σ(T ) containing the line coaxial with T so that
• For every 3-plane Σ containing the line coaxial with T and for every s > 0, we have 
The proof of Lemma 3 is almost identical to the proof of Lemma 1, so we will omit it.
Remark 7. Note that if (T, Y ) is (ε 1 , M 1 ) contained in the p neighborhood of 2-planes, and (ε 2 , M 2 ) contained in the σ neighborhood of 3-planes, then for each tube T ∈ T, the tubes in the hairbrush H Y (T ) are contained in a rectangular prism of dimensions ∼ 1 × 1 × p × ps.
The Planebrush argument
In this section, we will use the "planebrush argument" to show that unions of plany θ tubes must have large volume. The key geometric argument of the planebrush will be encapsulated in Lemma 4 below, which is quite technical. Lemma 4 is then used to prove Proposition 4, which is a version of the lemma that removes some of the technical assumptions.
Up until this point, we have referred to δ-tubes, δ-cubes, etc. In this section, we will use the parameter θ, and we will refer to θ-tubes, θ-cubes, etc. In later sections, we will simultaneously consider a Besicovitch set at two scales, δ and θ, with 0 < δ < < θ < < 1. The results from this section will be applied at scale θ.
Let (T, Y ) be a set of essentially distinct plany θ tubes and their associated shading.
Define
Suppose that
• There are ∼ |T|/|Ω| tubes from T pointing in each direction v ∈ Ω.
• There exists a 2-plane whose p neighborhood contains every tube from T.
Then for each ε > 0, there is a constant c ε > 0 so that
Remark 8. It might seem suspicious that the quantity p appears in the hypothesis of Lemma 4 but does not appear in the conclusion. However, the quantity p is implicitly present in (13), since we always have bound |Ω| p 2 θ −3 .
Proof. Let ε > 0 be fixed. Define ε 4 = εε 3 . Apply Lemma 3 to (T, Y ) with this choice of ε 4 ; let σ and (T 1 , Y 1 ) be the output from this lemma. We have that (T 1 , Y 1 ) is a θ ε 4 -refinement of (T, Y ), and (T 1 , Y 1 ) is (ε 4 , M 4 )-robustly contained in the σ neighborhood of 3-planes, with
Furthermore, we have that
It will be convenient to work with the quantitiesμ = M 2 andλ = θM 4 ; we have
With these definitions, we have |Q(T 1 )| ≤μ for all Q ∈ Q(Y 1 ) and |Y (T )| ∼λ|T | for all T ∈ T 1 . Let R 1 be the set of all quintuples (Q, T, Q , T , Q ) with
• Q, Q ⊂ Y 1 (T ).
• T ∈ T 1 (Q ).
• Q ⊂ Y 1 (T ).
We will estimate the size of R 1 . For each cube Q ∈ Q(Y 1 ), there are ∼ |T 1 (Q)| 2 pairs of tubes T, T ∈ T 1 (Q). By (15) we have that for each such pair, there are ∼ θ −1λ cubes Q ⊂ Y 1 (T ) and ∼ θ −1λ cubes Q ⊂ Y 1 (T ). Thus for each Q ∈ Q(Y 1 ), there are ∼ |T 1 (Q)| 2 θ −2λ2 quintuples (Q, T, Q , T , Q ) with that choice of Q . Summing over the cubes in Q(Y 1 ), we conclude that
Recall that
Thus by Cauchy-Schwarz, we have
Define R 2 to be the set of all quintuples (Q, T, Q , T , Q ) ∈ R 1 that satisfy the properties
We claim that if the constant c 0 above is chosen sufficiently small, then
Indeed, R 1 \R 2 is the set of quintuples (Q, T, Q , T , Q ) where at least one of the above four properties fails. We will show that the fraction of quintuples where any of these four properties fail is small. For (17),
Since ε 3 and ε 4 are selected small compared to ε 2 , we can assume that ε 2 − ε 3 − ε 4 ≥ 0. Thus if c 0 is selected sufficiently small (depending on ε 1 ), then the set of quadruples (Q, T, Q , T , Q ) ∈ R 1 with dist(Q, Q ) less than c 0 θ 2ε 2 /ε 1 is less than |R 1 |/8.
An identical argument applies to (20).
For (18),
Since ε 3 > ε 4 , if the constant c 0 is chosen sufficiently small (depending on ε 2 ), then the set of
Thus if c 0 is selected sufficiently small (depending on ε 3 ), then the set of quadruples (Q, T, Q , T , Q ) ∈ R 1 with ∠(Π(Q), Π(Q )) less than c 0 θ ε 4 /ε 3 is less than |R 1 |/8. Thus if we select c 0 sufficiently small (depending only on ε 1 , ε 2 , ε 3 , ε 4 ), then |R 2 | ≥ |R 1 |/2, which establishes (21).
For each quintuple G = (Q, T, Q , T , Q ) ∈ R 2 , define
See Figure 1 .
is the angle between T and T 1 . In this figure, T and T 1 make small angle with the plane Π(Q) (so in particular, the cubes Q and Q 1 are contained in the ∼ θ neighborhood of Π(Q). T and T 1 do not make small angle with the plane Π(Q).
A key geometric observation is that if G = (Q, T, Q , T , Q ), then ρ(G) controls the angle between Π(Q) and Σ(T ). Specifically, we have that if Σ is the 3-plane containing Π(Q) and the line coaxial with T , then
Indeed, let T 1 be the tube maximizing ρ(G) in the definition above. Let L be a line with |L ∩T | ∼ 1 so that L intersects Q and Π(Q). Let L 1 be a line with
and L 1 intersects Π(Q). Then Π(Q ) makes an angle θ/ρ(G) with the plane spanned by L and L 1 . This plane is contained in the 3-plane spanned by Π(Q) and L 1 . Finally, since dist(Q, Q ) θ 2ε 2 /ε 1 , we have that L makes an angle θ 1−2ε 2 /ε 1 with the line coaxial with T , and hence Π(Q ) makes an angle θ 1−2ε 1 /ρ(G) with the 3-plane spanned by Π(Q) and the line coaxial with T . See Figure 2 After dyadic pigeonholing, we can select a value of ρ so that there are ≥ |R 2 |/| log θ| quintuples G ∈ R 2 with ρ(G) ∼ ρ; call this set of quintuples R 3 . Next, we will show that
Figure 2: In this figure, black dots denote points of intersection. Since the three affine linear spaces L , L 1 , and Π(Q) all pairwise intersect, they must be contained in a common 3-plane. In particular, the plane spanned by L and L 1 is contained in the 3-plane spanned by Π(Q) and L .
First, let S be the set of quadruples (Q, T, Q , T ) so that there exists a cube Q with (Q, T, Q , T , Q ) ∈ R 2 . Note that for each (Q, T, Q , T ) ∈ S, there are at most θ −1λ cubes Q so that (Q, T, Q , T , Q ) ∈ R 2 . On the other hand, an argument similar to the one used to establish the size of R 1 shows that
Define S 1 to be the set of quadruples (Q, T, Q , T ) ∈ S so that
If the constant c 1 is chosen sufficiently small, then by (27) and the fact that |R 3 | | log θ| −1 |R 1 |, we have
This implies
But since
we conclude that
Re-arranging, we obtain (26). Next, by (25), each cube Q ∈ Y 1 (T ) with (Q, T, Q , T , Q ) ∈ R 3 satisfies
where Σ is the 3-plane spanned by Π(Q) and the line coaxial with T . We also have
where the second inequality uses (26). Thus each cube Q ∈ Y 1 (T ) with (Q, T, Q , T , Q ) ∈ R 3 is contained in the s neighborhood of the 2-plane Π = Σ(T ) ∩ Σ, where
i.e.
where on the last line we used (14) and the fact that ε 3 ≤ ε 4 . Since the quantity will appear frequently in the following arguments, we define
Next, if (Q, T, Q , T ) ∈ S, then Σ(T ) contains Π(Q), and Π(Q ). Since T ∈ T 1 (Q ) and
conclude that if Σ is the 3-plane spanned by Π(Q) and the line coaxial with T , then
This quantity is certainly less than D. We conclude that if (Q, T, Q , T ) ∈ S, then
Recall that the tubes in T are contained in the p-neighborhood of a 2-plane; call this 2-plane Π. For each T ∈ T 1 , define
By Remark 7, the tubes in the hairbrush H Y 1 (T ) are contained in S(T ). The main consequence of (31) is that if (Q, T, Q , T ) ∈ S, then W (T ) and W (T ) are comparable, in the sense that the ∼ 1 neighborhood of W (T ) contains W (T ), and vice-versa. Next we will count the number of triples (T, Q , T ) so that (Q, T, Q , T ) ∈ S 1 for at least one cube Q; denote this set of triples by T . If (T, Q , T ) is such a triple, then there are ≤ θ −1λ cubes Q so that (Q, T, Q , T ) ∈ S 1 . This implies that
Let W be a set of essentially disjoint rectangular prisms of dimensions 2
where W (T ) is as defined in (32). Observe that
and if (T, Q , T ) ∈ T , then there exists some W ∈ W so that T ∈ T W and T ∈ T W . This implies
and thus by Cauchy-Schwarz,
Thus there exists a ∼ | log θ| −1 refinement Y 2 of Y 1 so that the sets
are disjoint. This means that each cube Q ∈ Q(Y 2 ) can be uniquely associated to a prism W (Q) ∈ W. Refining the set W slightly, we can assume that no prism of dimensions 1 × 1 × p × pD is contained in more than one prism W ∈ W. This refinement of W induces a 1-refinement of (T 1 , Y 1 ); call this new set (T 2 , Y 2 ). Thus each tube T ∈ T 2 can also be uniquely associated to a prism in W. Abusing notation slightly, we will call this prism W (T ).
Next, define R 4 to be the set of all quintuples (Q, T, Q , T , Q ) ∈ R 3 so that T, T ∈ T 2 ; Q, Q ⊂ Y 2 (T ); Q , Q ⊂ Y 2 (T ); if we choose the refinement of W appropriately, then
Observe that if (Q, T, Q , T , Q ) ∈ R 4 , then T, Q , T , and Q are all associated to the same prism W ∈ W. Note that
Thus if we define
: Q is part of ≥ c| log θ| −C θ −2+ε 3 +ε 4λ 2μ2 quintuples from Q 4 }, then if the constant c is selected sufficiently small and C is selected sufficiently large, we have
By dyadic pigeonholing, we can select a set W ⊂ W so that each prism W ∈ W has roughly the same number of quintuples from R 5 associated to it; define R 6 to be the set of quintuples contained in some prism from W . Define (T 3 , Y 3 ) to be the refinement of (T 2 , Y 2 ) consisting of tubes and cubes associated to some prism from W . Since
Thus if W 0 ∈ W is the prism that minimizes
We have |T 3 | θ O(ε 2 ) |T|, and by the hypotheses of Lemma 4, we have that ∼ |T|/|Ω| tubes from T point in each direction v ∈ Ω. Thus
Note that for each W ∈ W, the set of tubes T 3 ∩ T W is contained in a rectangular prism of dimensions ∼ 1 × 1 × p × pD. This means that the set of directions of tubes in T 3 ∩ T W is contained in a rectangle in S 3 of dimensions ∼ 1 × p × pD. Since the possible directions of tubes in T 3 ∩ T W are θ-separated, we have that
Thus
It remains to estimate
, there are θ −2+ε 3 +ε 4λ 2μ2 quadruples (T, Q , T , Q ) so that the quintuple (Q 0 , T, Q , T , Q ) is an element of R 4 and is associated to W 0 . Next, we will estimate: amongst these θ −2+ε 3 +ε 4λ 2μ2 quadruples, how many distinct cubes Q occur? This quantity is relevant since the volume of
is at least θ 4 times the number of distinct cubes Q .
• For each cube Q , the set of potential choices of T must all point in directions that make angle θ with the plane Π(Q ), and these directions must lie in an angular sector of aperture ρ; thus there are
choices for T .
• For each tube T , the set of potential choices of Q must all lie in T ∩ N θ (Π(Q 0 )). By (18) we have ∠(v(T ), v(T )) θ 2ε 3 /ε 2 , and by (17) we have ∠(Π(Q 0 ), Π(Q)) θ ε 4 /ε 3 p; thus ∠(v(T ), Π(Q 0 )) θ 2ε 3 /ε 2 +ε 4 /ε 3 p. We conclude that for each T , there are
choices for Q .
• For each cube Q , the set of potential T must intersect both Q 0 and Q . By (17), dist(Q 0 , Q ) θ 2ε 2 /ε 1 . Since the tubes point in θ-separated directions and satisfy ∠(v(T ), Π(Q 0 )) ≤ θ, there are θ
Multiplying the bounds in (40), (41), and (42), we conclude that each cube Q is part of θ −2ε 2 /ε 1 −2ε 3 /ε 2 −ε 4 /ε 3 p −1 θ −1 ρ quintuples. Thus we have the volume bound
Now, we haveμ
Re-arranging, and recalling thatλ θ ε 2 +ε 3 +ε 4 λ we conclude that there exists an absolute constant C 0 so that
where c ε,1 > 0 is selected sufficiently small so that c 3 ε,1 θ ε ≤ | log θ| −C 0 −2/ε 4 = | log θ| −C 0 −2/(εε 3 ) for all 0 < θ < 1. If we choose c ε sufficiently small compared to c ε,1 and the implicit constant in the quasi-inequality (45), we obtain (13).
The next result will remove the requirement that the tubes be contained in the p neighborhood of planes.
Proposition 4. Let (T, Y ) be a set of essentially distinct plany θ tubes and their associated shading. Let A > 0 and let 0 < ε 2 < ε 1 < 1. Define
Suppose that
• At most A tubes point in each θ-separated direction.
• (T, Y ) is (ε 1 , θ −1−ε 2 λ)-two-ends.
• (T, Y ) is (ε 2 , µ)-robustly-transverse.
Proof. Let ε > 0 be fixed. Define ε 3 = εε 2 . Let (T , Y ) be a refinement of (T, Y ) and let Ω ⊂ S 3 be a δ-separated set of directions so that there are ∼ A tubes pointing in each direction v ∈ Ω.
and thus since (T , Y ) is a refinement of (T, Y ), we have
Apply Corollary 1 to (T , Y ) with parameter ε 3 , and let θ < p < 1 and (T , Y ) be the output from the Corollary. We have T = K i=1 T i , where each set T i is contained in the p-neighborhood of a 2-plane, and
Let I ⊂ {1, . . . , K} be a set of indices; for each i ∈ I, let T i ⊂ T i and Ω i ⊂ Ω so that
• The sets {Ω i } {i∈I} have comparable size (within a factor of 2).
• The sets T ∈T i |Y (T )| have comparable size (within a factor of 2).
• The sets {Q : Q ⊂ T ∈T i Y (T )} have comparable size (within a factor of 2).
• For each i ∈ I, there are a comparable (within a factor of 2) number of tubes from T i pointing in each direction v ∈ Ω i .
Let T = i∈I T i , and let Y be the restriction of Y to T . Note that for each i ∈ I we have
and
Observe that (T , Y ) is a refinement of (T, Y ), and for each T ∈ T and each Q ⊂ Y (T ), we have T (Q) = T i (Q), where i ∈ I is the unique index with T ∈ T i , i.e. the tube T can only "see" the tubes in T i .
This means that for each index i, the pair (T i , Y ) is (ε 1 , M 1 )-two-ends for some
where on the second line we used (48). Similarly, the pair (T i , Y ) is (ε 2 , M 2 )-robustly-transverse for some
where on the second line we used (49).
Finally, the pair (T i , Y ) is (ε 3 , M 3 )-robustly contained in the π neighborhood 2-planes, with
Thus for each index i, the pair (T i , Y ) satisfies the hypotheses of Lemma 4. Applying Lemma 4 with ε/2 in place of ε, we conclude that for each index i,
Summing over all indices i and applying Holder's inequality, we conclude
We have i∈I Ω i |Ω| ≥ |T|/A and |T | θ ε 2 |T|. Thus
Combining (51), (52), and (53), we obtain (46).
Volume bounds for unions of weakly plany tubes
In this section we will use random sampling and re-scaling arguments to weaken two of the hypotheses of Proposition 4. First, we will remove the requirement that the collection of tubes be robustly transverse. Second, we will replace the requirement that that all of the tubes passing through a point lie in the θ neighborhood of a plane with the weaker requirement that these tubes be contained in the θ neighborhood of a union of planes 3 . This result will be stated precisely in Proposition 5 below.
Proposition 5. Let (T, Y ) be a set of essentially distinct θ tubes and their associated shading. Define
Suppose that
•
Reduction to the strongly plany case
If (T, Y ) is a set of θ tubes and their associated shading that satisfy the hypotheses of Proposition 5, then it is easy to find a ∼ B −1 -refinement (T , Y ) of (T, Y ) so that for each Q ∈ Q(Y ), the tubes in T Y (Q) all lie in the θ-neighborhood of a plane. Indeed, for each cube Q ∈ Q(Y ), simply select the plane Π(Q) whose θ neighborhood contains the largest number of tubes from T Y (Q). However, if the refinement (T , Y ) is selected in this way, then it is possible that (T , Y ) will no longer be (ε 1 , C 1 λ)-two-ends. In this section, we will show that it is possible to select the refinement (T, Y ) a bit more carefully and preserve the property of being two-ends.
Let T −1 ≤ p ≤ 1. Let A ⊂ A be obtained by randomly selecting each element of A independently with probability p. Then
Proof. First, observe that the expected value of |A ∩ I| is p|A ∩ I|. By the multiplicative form of Chernoff's bound, we have that for each t > 0,
Applying (56) with
and noting that since t ≥ 1, (t + 1)p|A ∩ I| ≤ 4(log N ) 10 pT, we obtain
Let M −1 ≤ p ≤ 1. Let A ⊂ A be obtained by randomly selecting each element of A independently with probability p. Then
Proof. Observe that there are ≤ N 2 intervals I ⊂ [N ]. We apply Lemma 5 to each of these intervals with T = (|I|/N ) ε M , and use the union bound.
To conclude this section, we will show that in order to prove Proposition 5, it suffices to consider the special case where B = 1. More concretely, it suffices to prove the following result Proposition 6. Let (T, Y ) be a set of essentially distinct θ tubes and their associated shading. Define
Suppose that
Then for each ε > 0, there is a constant c ε > 0 so that the following holds.
Proof of Proposition 5 using Proposition 6. Let (T, Y ) be a set of θ tubes and their associated shadings that satisfy the hypotheses of Proposition 5. Let ε > 0. By hypothesis, we have that for each Q ∈ Q, there are planes
Note that some tubes in T Y (Q) might make an angle ≤ θ with more than one plane Π i (Q). If this occurs, then the tube can be assigned to any one (but only one) of the corresponding sets T i (Q).
Note that
After dyadic pigeonholing, there is
• A number 1 ≤ B ≤ B;
• For each Q ∈ Q , a set of indices I Q ⊂ {1, 2, . . . , B} of cardinality B ;
so that for each cube Q ∈ Q and each index i ∈ I Q , we have
For each Q ∈ Q , randomly select an index i Q ∈ I Q (this is equivalent to selecting an integer from {1, . . . , B } uniformly at random). For the remainder of this proof, "probability" will be with respect to the random selection of indices i Q as Q ranges over the elements of Q (this random selection is equivalent to selecting an element of {1, . . . , B } |Q | uniformly at random).
DefineỸ (T ) ⊂ Y (T ) to be the union of all cubes Q ∈ Q , Q ⊂ Y (T ) for which T ∈ T i Q (Q) (note thatỸ (T ) is a random set). Since for each cube Q ∈ Q the sets {T i (Q)} i∈I Q are disjoint, the random setỸ (T ) has the same distribution as the random set obtained by selecting each cube Q ∈ Q , Q ⊂ Y (T ) independently with probability 1/B .
By Corollary 2 we have that each T ∈ T satisfies
An application of Chernoff's bound shows that
Since the tubes in T are essentially distinct, we have |T| ≤ θ −6 , and thus the probability that every tube in T satisfies the events in (60) and (61) is at least 1 − θ 2 . In particular, there exists a choice of indices {i Q : Q ∈ Q } so that the events in (60) and (61) hold for every tube T ∈ T. Fix one such choice of indices, and define Y (T ) =Ỹ (T ).
Define λ so that T ∈T |Y (T )| = λ θ 3 |T|. By (61), we have
By (62) and (60), we have that the pair (T, Y ) is (ε 1 , 4C 1 (log θ) 16 λ )-two-ends. The pair (T, Y ) satisfies the hypotheses of Proposition 6 (with λ replaced by λ , and C 1 replaced by 4C 1 (log θ) 16 ). Applying Proposition 6 with ε/2 in place of ε, we conclude that there is a constant c ε/2 > 0 so that
where c ε > 0 is chosen so that c ε/2 | log θ| −O(1) θ ε/2 ≥ c ε θ ε for all 0 < θ < 1.
Volume bounds for unions of strongly plany tubes
Recall that at this point, we have proved Proposition 4, and we have also proved that Proposition 6 implies Proposition 5. All that remains is to show that Proposition 4 implies Proposition 6. However, Proposition 6 is essentially identical to Proposition 4 except that the requirement that (T, Y ) be (ε 2 , µ)-robustly transverse has been removed. This is accomplished through a standard rescaling argument known as the "robust transversality reduction," which we will not reproduce here. See, for example, the reduction from Proposition 2.2 to Proposition 2.3 from [5] for an example of this argument.
6 A maximal function estimate in R
4
We are now ready to prove Theorem 1. Specifically, we will prove the following estimate:
Proposition 7. For each ε > 0, there exists a constant c ε so that the following holds: For every set (T, Y ) of direction-separated tubes with T ∈T |Y (T )| ≥ λδ 3 |T|, we have the estimate
where 3/4 < α < 1 is the middle root of the equation P (α) = 88α 3 − 386α 2 + 427α − 135 = 0.
Since the bound (63) implies (2) with d = 4 − α, the polynomial Q(x) from (3) is given by Q(x) = P (4 − x).
Observe that for each fixed δ > 0, proposition 7 is equivalent to the following bound on the multiplicity of unions of tubes. 
We will prove Proposition 8 (or equivalently, Proposition 7) by induction on δ. When δ = 1 the result is immediate. Let 0 < δ < 1 and suppose Proposition 7 has been proved for all δ > δ. By Proposition 2, it suffices to prove the following: Proposition 9. For each ε > 0, there exists a constant c ε so that for every set (T, Y ) of directionseparated tubes of cardinality ∼ δ −3 with T ∈T |Y (T )| ∼ λ, we have
By Proposition 1, it suffices to consider the special case where (T, Y ) is (ε 0 , M )-two-ends, where ε 0 = ε/C and M = δ −1 λε −1/C .
Applying the robust transversality reduction (see i.e. [5, Section 2]), we can also assume that the tubes are (ε 1 , µ) robustly transverse, where ε 1 = ε/C and
Next, in order to establish Proposition 9, it suffices to find a refinement (T, Y ) with
The rest of this section will be devoted to finding a refinement Y with this property.
After pigeonholing, we can find a number δ ≤ θ ≤ 1 and a refinement Y 1 of Y so that for each Q ∈ Q(Y 1 ), a 1 fraction of the triples (
If θ ≥ δ α−3/4 , then (65) follows from Theorem 3 (see e.g. [5, Section 5] for the details of this argument). Thus we can assume that θ < δ α−3/4 .
Defineδ = δ/α. Let T θ be a set of θ tubes with the property that each T ∈ T is contained in at least one of the tubes T θ ∈ T θ . For each T θ ∈ T θ , let T(T θ ) be the set of tubes from T that are contained in T θ . After refining T θ and T, we can assume that the sets {T(T θ )} T θ ∈T θ are disjoint.
After a further refinement, we find a number A so that
• A tubes from T θ point in each θ-separated direction.
We can further refine the shading Y and find a shading Y θ of the tubes in T θ , so that
• Y θ satisfies the two-ends condition (with constant C ≈ 1 and constant ε 0 ).
After this refinement, Y still satisfies the two-ends condition (with constant C ≈ 1 and exponent ε 0 ). After further pigeonholing, we can refine the shadings Y and Y θ so that there is an integer B ≥ 1 so that for each θ-cube Q ⊂ T θ ∈T θ Y θ (T θ ), the tubes from T θ (Q) are contained in a union of ≤ B sets, each of which lie in the θ neighborhood of a 2-plane. Furthermore, for each δ cube Q ∈ Q(Y ), we have an estimate of the form
whereQ is the (unique) θ-cube containing the δ-cube Q. The inequality (68) says that the θ-tubes whose shadings contain Q cluster into the θ neighborhoods of ∼ B distinct 2-planes, and these tubes are evenly spread out amongst the 2-planes; i.e. B −1 |T θ (Q)| of these θ tubes lie in the θ neighborhood of any one of the 2-planes.
From Proposition 5, we have the pointwise bound
From Proposition 3 we have the pointwise bound
Combining these, we obtain the pointwise bound
Since the tubes in T θ (Q) are contained in the θ neighborhood of a union of B planes, we also have the pointwise bound
Combining (69) and (70), we obtain the bound
Combining (68) with (71) and the induction hypothesis, which gives us (64) at scaleδ = δ/θ, we have the pointwise bound
By (67), we have 
Finally, from Theorem 7, we can further refine the shading Y so that we have the pointwise bound The induction closes provided α ≥ 3/4 and
Equality in (74) occurs if α is the middle root of
This completes the proof of Theorem 1.
A Consequences of a stronger trilinear bound
We conjecture that Theorem 3 admits a slight improvement. Specifically, Conjecture 2. For each > 0, there exists a constant C so that the following holds. Let T be a set of δ-tubes in R 4 that point in δ-separated directions. Then
Heuristically, Theorem 3 says that if T is a collection of δ tubes pointing in δ-separated directions, and if a typical triple of intersecting tubes have direction vectors satisfying |v 1 ∧ v 2 ∧ v 3 | ∼ θ, then the volume of the union of tubes must be at least θδ 3/4 . If Conjecture 2 is true, then this estimate improves to θ 3/4 δ 3/4 . Of course, if the Kakeya conjecture in R 4 is true then the correct volume bound should be 1, but this is likely a much more difficult statement to prove.
Conjecture 2 would imply an improved Kakeya maximal function estimate in R 4 . Indeed, if Conjecture 2 were true, then the bound (67) can be replaced by the stronger estimate
Repeating the arguments in the previous section with (77) in place of (67), we obtain the following analogue of the polynomial from (75).
This leads to a Kakeya maximal function estimate in R 4 at dimension d, where d ∼ 3.0967 is the middle root of the polynomial Q(x) = 88x 3 − 677x 2 + 1612x − 1113.
B Is the planebrush estimate sharp?
In this section we will informally explore the question of whether the planebrush estimate is sharp. In [6] , Laba, Tao, and the first author considered the Heisenberg group H = {(z 1 , z 2 , z 3 ) ∈ C 3 : Im(z 3 ) = Im(z 1z2 )}.
H ∩ B(0, 1) is a compact subset of C 3 that has many of the properties of a 5/2 dimensional counterexample to the Kakeya conjecture in R 3 . In particular, it is a 5/2 dimensional subset of C 3 (here we mean the dimension of the set is 5/2 times the dimension of the underlying field C) that contains a two (complex) dimensional family of complex lines, and these lines satisfy a natural analogue of the Wolff axioms. Since Wolff's hairbrush arguments from [12] apply equally well to the set H ∩ B(0, 1), we say that Wolff's hairbrush arguments cannot distinguish the Heisenberg group from a genuine Besicovitch set. Informally, we say that Wolff's hairbrush argument is sharp, since it cannot be improved without incorporating additional information about the configuration of lines (for example, the fact that the lines point in different directions or that the underlying field does not contain a half-dimensional subfield). It is an interesting open question whether there exists a field F and a set X ⊂ F 4 of dimension 3 + 1/3 (or perhaps cardinality |F | 3+1/3 if F is finite) so that X contains a 3 dimensional family of lines satisfying the Wolff axioms, with the property that for each point x ∈ X, the lines passing through x are coplanar (i.e. they are all contained in a common 2-plane). If such a set exists, it would suggest that the planebrush argument from Section 4 is "sharp," in the same sense that Wolff's hairbrush argument is sharp.
We hypothesize that if such a set X ⊂ F 4 does exist, then it is likely of the following type. First, the field F is a degree-three field extension of some smaller field K, and X is a low-degree 10-dimensional subvariety of K 12 . To date, however, the authors have been unsuccessful in either finding such a set X ⊂ F or in showing that no such example of this type can exist.
C Some Remarks on the Kakeya problem in R 
Theorem 4 immediately implies that every Besicovitch set in R 3 has Hausdorff dimension at least 5/2 + ε 0 . Theorem 4 does not immediately yield a maximal function estimate, because the exponent of λ in (80) is wrong-an exponent of λ 5/2+ε 0 is required in order to obtain a maximal function estimate.
However, the same argument used in Section 6 can also be used to upgrade Theorem 4 to a maximal function estimate. Indeed, recall the following consequence of Wolff's hairbrush argument in R 3 :
Theorem 5 (Wolff Hairbrush Estimate). There exists an absolute constant C so that the following holds. Let δ > 0, δ ≤ λ ≤ 1, ε 1 > 0, and let (T, Y ) be a set of δ tubes and their associated shading that satisfy the Wolff axioms. Suppose that T ∈T |Y (T )| ≥ λ and that (T, Y ) is (ε 1 , λ)-two-ends. Then for each ε > 0, there exists a constant c ε > 0 so that
Observe that an analogue of (81) with the exponent λ 5/2 would be sufficient to establish a maximal function estimate in R 3 at dimension 5/2. Thus we can interpolate (81) (which has a better than necessary λ exponent) with (80) (which has a worse than necessary λ exponent) to obtain an improved maximal function estimate in R 3 :
Theorem 6 (Maximal function estimate in R 3 ). There exist absolute constants C (large) and ε 0 > 0 (small) so that the following holds. Let δ > 0 and let T be a set of tubes that satisfy the Wolff axioms. Then 
Note that the constant ε 0 > 0 is smaller than the corresponding constant in Theorem 4. 
The estimate (83) follows from averaging appropriate powers of (80) and (81).
